The nonclassical properties of quantum states are of tremendous interest due to their potential applications in future technologies. It has recently been realized that the concept of a "resource theory" is a powerful approach to quantifying and understanding nonclassicality. An important goal in this endeavor is to find resource theoretic measures of nonclassicality that are "operational", meaning that they also quantify the ability of quantum states to provide enhanced performance for specific tasks, such as precision sensing. Here we present such a measure: it satisfies the necessary requirements of a resource-theoretic measure, and has the closest possible relationship to precision measurement: it quantifies the quantum-enhanced precision for pure states, and is a tight upper bound on this precision for mixed states. We also show that a balanced Mach-Zehnder Interferometer provides a way to experimentally extract this measure, and we examine how the measure quantifies the concept of "macroscopicity".
The nonclassical properties of quantum states are of tremendous interest due to their potential applications in future technologies. It has recently been realized that the concept of a "resource theory" is a powerful approach to quantifying and understanding nonclassicality. An important goal in this endeavor is to find resource theoretic measures of nonclassicality that are "operational", meaning that they also quantify the ability of quantum states to provide enhanced performance for specific tasks, such as precision sensing. Here we present such a measure: it satisfies the necessary requirements of a resource-theoretic measure, and has the closest possible relationship to precision measurement: it quantifies the quantum-enhanced precision for pure states, and is a tight upper bound on this precision for mixed states. We also show that a balanced Mach-Zehnder Interferometer provides a way to experimentally extract this measure, and we examine how the measure quantifies the concept of "macroscopicity".
For a single optical mode, or equivalently a linear oscillator, it is the coherent states that are regarded as the quantum equivalent of classical states, due to the fact that they have minimal uncertainty in phase and amplitude, and apart from the uncertainty principle behave classically. The ability of quantum systems to exist in a superposition of two or more distinguishable states is arguably their most intriguing feature [1] . A superposition of coherent states, which may have highly nonclassical features, can enable quantum-enhanced technologies in communications [2] , computation [3, 4] , metrology [5] , and is useful in probing the limits of quantum mechanics [6, 7] . Moreover, single-mode nonclassical states can be converted into multi-mode entangled states using linear optics [8] [9] [10] [11] [12] [13] . Given the usefulness of "nonclassicality", finding ways to quantify it may provide further insights into its features and the resources required to create and manipulate it.
A single-mode quantum stateρ can be represented by the Glauber-Sudarshan P function [14, 15] aŝ
The stateρ is defined as classical if the distribution function P(α, α * ) is positive-definite, in which case it merely represents a classical probability density over the coherent states |α . Otherwise the state is said to be nonclassical. Since the P function itself does not provide a quantitative measure of nonclassicality [16] , a number of approaches have been taken to obtaining one [10, [17] [18] [19] [20] [21] [22] [23] . Measures proposed include the "nonclassical distance" [17, 18, 24] , the "nonclassical depth" [19] , the "entanglement potential" [20] , and the Schmidt rank [10, 21, 25] .
It was realized recently that the notion of nonclassicality can be put on a much surer footing by using a resource the-ory [26] [27] [28] [29] [30] . Resource theories define the quantity of interest by specifying the operations under which it should be impossible to increase it. These are referred to as the "free" operations. For entanglement it is local operations and classical communication that are free, while for nonclassicality it is the class of operations that does not allow one to create superpositions of coherent states from mixtures of them (these operations will be discussed further below). To obtain a resource theory of nonclassicality one has "merely" to find a measure of nonclassicality that does not increase under the free operations.
While resource theory alone provides a well-motivated foundation, more important would be a resource theory that also quantifies the ability of a state to perform useful tasks (metrology, cryptography, etc.). We will refer to a resource theoretic measure that does so as an operational resource theory. Recently some progress has been made in this direction, in which the task is the quantum enhanced measurement of quadrature (equivalently, the measurement of displacement in phase space) [31, 32] . However, only one of the obtained measures satisfies the minimal requirements for a resource measure [33] and the other is related to quadrature sensing only for pure states.
Here we introduce a measure of nonclassicality that makes a strong connection between a resource measure and an operational measure: it satisfies the minimal requirements of a resource theory [29] , quantifies the ability to perform quadrature measurement for pure states, and is a tight upper bound for the latter for mixed states. As we discuss below, for mixed states a tight upper bound is the strongest relationship that can be obtained. We also consider how measures of nonclassicality can be experimentally determined. Naturally, measures arXiv:1911.01939v1 [quant-ph] 5 Nov 2019 that quantify the ability to perform precision measurement can be determined by using the quantum state to do exactly that. We show that the simplest interferometric setup, the Mach-Zehnder interferometer (MZI) [34] [35] [36] [37] , when used in the "balanced" configuration, converts the ability of a state to measure quadrature directly into the ability to measure phase. Thus phase measurement performed by the MZI provides a lower bound on our measure of nonclassicality. Replacing the usual two-photodetector configuration of the MZI with an optimal measurement scheme provides the largest lower bound.
Nonclassicality has a close relationship with the concept of "macroscopicity" which attempts to quantify the "size" of a superposition [38] . The two concepts are very close, because a superposition of macroscopically distinguishable states is a nonclassical feature, and the metrological power of a pure quantum state is limited by its energy. As a result, measures of nonclassicality can often serve as good measures of macroscopicity [31, 32] . In the final part of this paper we discuss our measure of nonclassicality as a measure of macroscopicity.
Metrological power of quantum states.-To measure a classical parameter, ξ, one applies a transformation e iξĜ to a system and then measures the system to determine the parameter from the change that the transformation has induced. The precision with which one can measure the parameter depends on the initial state of the system,ρ, and is captured by the quantum Fisher information (QFI) [37, 39, 40] . For a pure state, |ψ , the QFI for a parameter ξ and transformation U(ξ) = e iξĜ is four times the variance ofĜ in state |ψ . For convenience here we will drop the factor of four and define the QFI, denoted by F G (|ψ ), simply as the variance: F G (|ψ ) = ψ|(∆Ĝ) 2 |ψ where ∆Ĝ ≡Ĝ − Ĝ . For mixed states the QFI is the convex roof of the variance [37, 40] , namely
in which the minimization is over all ensembles {p j , |ψ j }, for whichρ = j p j |ψ j ψ j | and p j > 0. Here we will be concerned mainly with the QFI for the quadratures, defined bŷ X µ = i e −iµâ † − e iµâ / √ 2 in whichâ is the annihilation operator for the mode and µ ∈ [0, 2π]. We will mainly be interested in the QFI for the quadrature for which the QFI is maximal. We will write this simply as F X (ρ), which is given by
We will define the metrological power of a quantum state as the amount by which its QFI is greater than the maximum value for any classical state. Since the maximum classical value for the quadrature variance is 1/2, the metrological power for quadrature measurement is W (ρ) ≡ max[F X (ρ) − 1/2, 0] and W > 0 provides a nonclassicality criterion [41] . This operational quantity captures the ability of nonclassical states to enhance metrology, but it is not a measure of nonclassicality because there are mixed non-classical states for which F X (ρ) ≤ 1/2. An example is given by the class of statesρ(p) = (1 − p) |0 0| + p |1 1| for which W = max{p(2p − 1), 0} by calculating F X (ρ) via the eigenstate decomposition [37, 40] . Because of this property, for mixed states the closest possible relationship between a resource theoretic measure and the metrological power is that the former provides a tight upper bound on the latter. We note that singlemode Gaussian states are a special class for which W is a necessary and sufficient condition for nonclassicality [32] .
Resource theory of nonclassicality.-To obtain a resource theory of nonclassicality [26, 29] , one must find a measure of nonclassicality that satisfies two conditions: (i) Nonnegativity, meaning that it is greater than zero for any nonclassical state and zero for all classical states; (ii) Weak monotonicity, meaning that it cannot be increased by any classical operation. A classical operation is defined as augmentation by any number of classical states (those defined by Eq.(1)), the application of any passive linear optical operations and displacements, and tracing out of the auxiliary modes. The classical operations are the free operations within the resource theory [26, 32] .
It has been suggested that a resource theoretic measure of nonclassicality should also satisfy two further conditions [26, 29] . These are (iii) strong monotonicity and (iv) convexity. Strong monotonicity means that the measure does not increase, on average, even when a subset of the modes are measured, discarded, and further classical operations are performed dependent on the results of the measurements. Further rounds of measuring and discarding modes and subsequent conditiional operations may be also be made. A measure N (ρ) is convex when it obeys j p j N ρ j ≥ N j p jρ j for quantum statesρ j and probabilities p j .
The two quantities that have been proposed to-date as resource theoretic measures for a single-mode state are [31, 32] 
The nonclassicality measure V 1 (ρ) is the convex roof of the maximized quadrature variance, and Q (ρ) is the convex roof of the average quadrature variance [42] . While the measure Q satisfies all four properties above, its relationship to the metrological power of quantum states is rather weak [32] ; it is only for pure states that it is equal to the quantum metrological power averaged over all quadratures. The measure V 1 on the other hand has a much stronger connection with metrology, as it satisfies V 1 (ρ) ≥ W(ρ) (with V 1 = W for all pure states) [31, 43] , but it has only been shown to satisfy properties (i) and (iv), so it is not clear that it is a resource theoretic measure.
A new measure of nonclassicality.
-We now introduce a measure of nonclassicality that makes a strong connection between nonclassicality and metrological power. The new mea-FIG. 1. Diagramatic depiction of a balanced Mach-Zehnder interferometer. In the part labelled "preparation" the input stateρ is combined with a coherent state |α r at a 50/50 beamsplitter. The phase shift to be measured is then applied in an opposite direction to both output modes to create the two-mode state σ θ . Finally σ θ is measured after combining both modes at a second 50/50 beamsplitter. sure is
Here,ρ = j p j |ψ j ψ j |, with j p j = 1 and p j > 0. For convenience we have also defined the momentsn j = ψ j |â †â |ψ j , ξ j = ψ j |â 2 |ψ j , andᾱ j = ψ j |â |ψ j . Note that the essential difference between the QFI Eq. (3) and the measure N is merely the reversal of the maximization over µ and the minimization over the ensemble. For pure states both N and V 1 reduce to the metrological power, which in this case can be written as
where we have definedn = â †â ,ξ = â 2 , andᾱ = â . The first part of W(|ψ ), the expressionn − |ᾱ| 2 , describes the contribution of the energy that cannot be removed by displacement operations. It is also the averaged excess variance, which for pure states can be written as Q (|ψ ) ≡ (∆x) 2 /2 + (∆p) 2 /2 − 1/2, in whichx ≡X π/2 andp ≡X 0 [31, 32, 44] . The second part of W(|ψ ), the expression ξ −ᾱ 2 , quantifies the squeezing of the state. Our main results are i) that N(ρ) satisfies non-negativity, weak monotonicity, and convexity, and ii) that it also satisfies
We give the proofs for these statements in the supplement [43] . Thus N both satisfies the essential requirements of a resource measure of nonclassicality, and has a strong relationship to the metrological power.
Precision of the Mach-Zehnder Interferometer.-In an MZI, two input states are combined at a beam-splitter (BS), phase shifts θ 1 and θ 2 are applied respectively to the two outputs of the BS, and these outputs are then recombined on a second BS before being measured. This configuration provides a two-parameter metrology problem described by a 2x2 QFI matrix [45, 46] . It has been shown that when one input is a coherent state, the optimal precision in estimating the phase difference θ 1 − θ 2 is provided by choosing the first BS to be 50/50 (in which case the MZI is referred to as balanced) [43, 45, 47] . By setting θ 1 = θ/2 = −θ 2 , which is the configuration shown in Fig.1 , the optimal estimation can be equivalently described by the QFI for the single parameter θ [43, 45] .
We now show that when we use the MZI of Fig.1 , in which a coherent state is fed into one input and an arbitrary stateρ into the other, the optimal QFI, denoted by F MZI θ (ρ), for determining the phase θ is directly related to that ofρ for quadrature sensing, F X (ρ). This fact has a number of consequences. First, it means that the MZI measures a phase shift by using the displacement sensitivity of the input stateρ, which is quantified by F X (ρ). Second, it means that if we replace the standard measurement configuration of the MZI with an optimal measurement, the MZI provides a way to experimentally measure the nonclassicality witness W(ρ). Third, the configuration of the balanced MZI given in Fig.1 is also a witness of nonclassicality because its precision is a lower bound on W(ρ).
To show that the sensitivity to the phase θ for the MZI is related to the sensitivity of the inputρ to a phase-space displacement we use the explicit expression for the QFI [37, 39, 40] . This involves an eigenstate decomposition of the density matrix, and is usually expressed in terms of a complete eigenbasis for this matrix. A useful expression in terms of those eigenstates with non-zero probabilities gives [40] 
Hereσ = M j=1 p j |φ j φ j |, is the density matrix, |φ j are the M eigenstates ofσ with non-zero eigenvalues p j , and the sum over j and k runs from 1 to n. In our case, the operator that generates the phase shifts isĴ z = â †â −b †b /2, in whichâ andb are the modes for the input stateρ and the reference state |α r , respectively. It is simplest, however, to consider the initial BS as part of the applied transformation. In this picture, the state σ in Eq.(9) is the state input to the MZI, σ =ρ ⊗ |α r α r |, and the generator becomesĜ =ÛĴ zÛ † = (âb † −â †b )/(2i), whereÛ = exp[−iπ(â †b +âb † )/4] is the transformation applied by the BS.
Returning to the expression for the QFI, Eq.(9), we note that the eigenstates of the input state σ are |φ j = |ψ j |α r in which the states |ψ j are the eigenstates of the input stateρ. Taking the partial trace over the input mode that contains the coherent state |α r gives
in which α r = |α r |e −iφ . Substituting these into Eq.(9), and 
in whichn ≡ Tr[â †âρ ] is the average number of photons in the input state, and N ≡n + |α r | 2 is the total mean number of photons input to the MZI. It follows from Eq. (12) that the MZI will achieve Heisenberg-limited phase sensing (that is, F MZI θ (ρ) will scale as N 2 [35] ) if F X (ρ) is proportional ton and we choose |α r | 2 ∼n. This is true, for example, for all the classes of states for which N is shown in Table I . These classes are: Fock states, |n (the eigenstates of a † a with eigenvalue n); a superposition of two Fock states |φ(n) ≡ where S(ξ) = exp 1 2 ξâ †2 − 1 2 ξ * â2 ; and "cat" states |α ± = N −1/2 ± (|α ± |−α ) with N ± = 2 ± 2e −2|α| 2 . We note that for any pure state |ψ , using the Cauchy-Schwarz inequality one has ξ = ψ|â 2 |ψ ≤ ψ|ââ † |ψ ψ|â †â |ψ = √n (n + 1). One can also show that the maximum is achieved if and only if |ψ is a squeezed state [43] . Under the measure N, the squeezed states are thus the most nonclassical and the most useful in the MZI for a fixed energyn [46] .
By rearranging Eq.(12) we obtain the nonclassicality witness W directly in terms of the QFI for the MZI:
Since W is a necessary and sufficient condition for nonclassicality for all Gaussian states, the preparation part of the MZI provides a state,σ θ , that is sufficient to fully determine the nonclassicality of that class [49] [50] [51] . However, to do so one must in general replace the measurement part of the MZI with an optimal measurement for the given input stateρ. Explicit optimal measurement schemes have been determined for certain classes of Gaussian states [52, 53] . For all pure states that have a real projection coefficient in the Dicke basis, the optimal measurement is achieved by recording the number of photons detected by each detector after the second BS [46] . Quantifying macroscopicity.-Creating superpositions of distinguishable states becomes harder as the "size" of the superposition increases. Here "size" may refer to the distance between the superposed states and/or the mass or energy of these states. For a linear oscillator, and equivalently a single mode, the distance between the superposed states is closely related to the energy of these states, so we can expect good measures of the size, or macroscopicity [38] of a superposition to scale with energy.
As discussed in the introduction, the notions of nonclassicality and macroscopicity are very similar, and it is therefore natural to examine how nonclassicality measures quantify the latter. Recent studies have considered the QFI [54, 55] and a measure of coherence [56] in this context. We now consider how N quantifies macroscopicity for pure states, for which it coincides with V 1 and the witness W.
Consider a pure state |ψ = L k=1 c j |α j that is a superposition of the L coherent states |α j . The complex amplitudes α j and the coefficients c j satisfy the normalization condition j,k c j c * k α j α * k α k |α j = 1 (the amplitudes appear in this condition because the coherent states are not orthogonal). We present the full expression for N in terms of α j and c j in the supplement [43] . As for any pure superposition of coherent states, the quantityn − |ᾱ| 2 that appears in W (Eq. (7)) is positive. Denoting the phase space distance between two coherent states |α j and |α k by d jk ≡ α j − α k , and their overlap (inner product) by f jk ≡ α k |α j , we find that
The expression for the other part of W, namely |ξ −ᾱ 2 |, contains very similar terms [43] . The first line in Eq. (14) contains contributions that come solely from pairs of coherent states, and the second and third lines from triples and quadruples, respectively. When all the coherent states are far enough apart that they are approximately mutually orthogonal, all terms vanish except for the first term on the first line. In that case |ξ −ᾱ 2 | =n − |ᾱ| 2 and we have
Since we can interpret P j,k = |c j | 2 |c k | 2 as the probability of occurrence of each pair of coherent states, the non-classicality in this case is merely the mean square of the phase-space distances between pairs of coherent states. This gives N a very simple interpretation in phase space.
Summary.-Here we have presented the first resource theoretic measure of nonclassicality that has a strong connection to metrology for both pure and mixed states. We have also shown that it provides a quantifier of quantum macroscopicity that has a simple geometrical interpretation in phase space. Important open questions that will further the understanding of nonclasicality and its manipulation involve finding resource theoretic measures that quantify metrology of other quantities such as phase shifts, and as well as other technologically relevant tasks. Acknowledgments: This research was supported by a grant from King Abdulaziz City for Science and Technology (KACST).
SUPPLEMENTAL MATERIALS
In the supplemental materials, we provide detailed derivations about our results in the main manuscript. In Sec. A, we prove some properties of our nonclassicality quantifier N. They are the requirements from the resource theory, inequalities with the nonclassicality quantifier V 1 and the metrological power W, and derivation of the most nonclassical state for a fixed energy. In Sec. B, we prove that the balanced MZI achieves the maximum quantum Fisher information (QFI) for an input stateρ ⊗ |α r α r |. In Sec. C, we provide the full expression of nonclassicality in terms of coherent superpositions.
A. Properties of our nonclassicality
Resource theory requirements
Here we prove several properties from the resource theory on our nonclassicality quantifier defined as
whereρ = j p j |ψ j ψ j |,X µ = i e −iµâ † − e iµâ / √ 2 = sin µx + cos µp, andρ E ≡ j p j |ψ j ψ j | ⊗ | j E j| with | j E orthogonal vectors in an additional mode E. The last line can be verified from the definition of the QFI FX µ ⊗Î E (ρ E ) of the quadratureX µ ⊗Î E for the stateρ E . Same to the main text, we rescale the QFI by a factor of 4. (i) Non-negativity: For an arbitrary state, it can be given byρ = j p j |ψ j ψ j | with p j > 0. For a classical state, N (ρ) = 0 by decomposing the state using coherent states. For a nonclassical state, at least one of the decomposed state, say |ψ s , is not a coherent state by definition. Using Cauchy-Schwarz inequality, we have |ᾱ s | = | ψ s | a |ψ s | ≤ ψ s | |ψ s ψ s | a † a |ψ s = √n s , where the equality holds only if a |ψ s and |ψ s are parallel to each other, which means |ψ s is a coherent state [57] . Since |ψ s is not a coherent state, we have |ᾱ s | < √n s and N (ρ) > 0. Therefore, N (ρ) > 0 if and only if when the stateρ is a nonclassical state.
(ii) Weak monotonicity: An arbitrary linear optical mapping on the stateρ can be described by
whereρ A is a classical ancilla state, U is the linear optical unitary, andK j are Kraus operators with jK † jK j =Î. The probabilities are q j = Tr K jρK † j , and the post-selected states areσ j = K jρK †
From our definition Eq. (A1), we have the following inequality
where | j A are orthogonal vectors on an ancilla mode A . We can choose the mode E to be independent from the linear optical mapping U and the mode A . Since the mapping Λ is linear and |i E are independent from the mapping,
According to Ref. [26] , there exists a classical ancilla state ρ AA and a linear optical unitary U such that
Using the contractivity of partial trace on the QFI [40] , the last line in Eq. (A3) can be upper bounded by
By writingρ AA = k r k |α k α k | with |α k a coherent state in the AA modes and k r k = 1, we have FX µ ⊗Î E ⊗ÎAA Uρ E ⊗ρ AA U † ≤ k r k FX µ ⊗Î E ⊗ÎAA Uρ E ⊗ |α k α k | U † from the convexity of the QFI. By transforming the operators, we
, andâ j are annihilation operators of the anncilla modes. According to the additivity of the QFI under tensoring [40] , we obtain
where we have used |U 11 | ≤ 1 and max µ FX µ ⊗Î E (ρ E ) ≥ 1 2 in deriving the inequality. Therefore, N Λ (ρ) ≤ max µ FX µ ⊗Î E (ρ E ) − 1 2 with the stateρ E = i p i |ψ i ψ i | ⊗ |i E i| for any decomposition set {p i , |ψ i }. Choosing the minimum decomposition set, we obtain
Hence we prove the weak monotonicity.
(iv) Convexity:
where the equality is obtained from the definition of N with the superscript min representing the set of the minimum decomposition {q min i j , |ψ min i j } for each stateρ i . The last line is also due to the definition of N by recognizing that i, j p i q min i j |ψ min i j ψ min i j | is one possible decomposition of the state i p iρi .
Inequalities with nonclassicality and the metrological power
By definition,
For
Hence we prove the relation Eq. (8) in the main manuscript.
A squeezed vacuum has the optimal metrological power
We prove that the maximum N with the same mean number of photonsn is achieved only by a squeezed vacuum |ξ , where ξ = re iφ . For any pure state,
where the first inequality holds when α ≡ ψ|â|ψ = 0, and the second inequality holds whenâ |ψ is parallel tô a † |ψ , i.e., ηâ |ψ =â † |ψ with η a non-zero constant. By defining |ψ = ∞ n=0 c n |n , we obtain ∞ n=0 ηc n √ n |n − 1 = ∞ n=0 c n √ n + 1 |n + 1 . This leads to a recursive relation
where c 0 is determined through the normalization. We readily recognize the above coefficients as that of a squeezed vacuum with η = e iφ tanh r and c 0 = 1/ √ cosh r. Moreover, ξ|â |ξ = 0. Therefore, only a squeezed vacuum achieves the maximum N for a fixed mean number of photons. For any mixed stateρ withn, N (ρ) <n+ √n (n + 1) because it contains a mixture of pure states that does not achieve the maximum N. Therefore, we prove that only a squeezed vacuum state |ξ can achieve the maximum N =n + √n (n + 1) for a fixedn.
where the equality is due to the convex roof construction of the QFI [58, 59] . The first inequality is obtained using Eq. (B1) with |ψ min θ,τ, j =Û θÛBS (τ) |ψ min j |α r and {p min j , |ψ min θ, j } denoting the convex roof decomposition, and the second inequality is due to the convexity of the QFI [40] . Hence we have proved that with an arbitrary input stateρ⊗|α r α r |, the balanced MZI gives the maximum QFI.
C. Relation to Quantum Macroscopicity
Here we provide the full expression of N for a pure state |ψ = L j=1 c j |α j in terms of the phase-space distance d jk ≡ α j − α k and the inner product f jk = α k |α j . We find N = n − |ᾱ| 2 + |ξ −ᾱ 2 |, wherē From the above equations, we see that the squeezing term |ξ − α 2 | contains three contributions similar to that ofn − |ᾱ| 2 . The first line on the right-hand side of Eq. (C2) corresponds to the contribution from any two components in the superposition state, while the next two lines represent the contributions from any three and any four components, respectively. We note that for any coherent superposition staten−|ᾱ| 2 is always non-zero, while it may not be true for |ξ −ᾱ 2 |. For example, the odd cat state |α − = 1/ √ N − (|α − |−α ) with N − = 2 − 2e −2|α| 2 when α → 0.
When the coherent components are far apart from each other, they are almost orthogonal to each other such that f jk ≈ 0. In this case, we haven − |ᾱ| 2 = |ξ −ᾱ 2 | and the nonclassicality quantifier is
(C3)
